We present analytical bound state solutions of the spin-zero Klein-Gordon (KG) particles in the field of unequal mixture of scalar and vector Yukawa potentials within the framework of the approximation scheme to the centrifugal potential term for any arbitrary l -state. The approximate energy eigenvalues and unnormalized wave functions are obtained in closed forms using a simple shortcut of the Nikiforov-Uvarov (NU) method. Further, we solve the KGYukawa problem for its exact numerical energy eigenvalues via amplitude phase (AP) method to test the accuracy of the present solutions found by using the NU method. Our numerical tests using energy calculations demonstrate the existence of inter-dimensional degeneracy amongst energy states of the KG-Yukawa problem. The dependence of the energy on the dimension D is numerically discussed for spatial dimensions 2 6. D  
The Yukawa potential or static screening Coulomb (SSC) potential is often used to compute bound-state normalizations and energy levels of neutral atoms [1] [2] [3] [4] [5] [6] which have been studied over the past years. It is known that SSC potential yields reasonable results only for the innermost states when Z is large. However, for the outermost and middle atomic states, it gives rather poor results. The bound-state energies for the SSC potential with 1 Z  have been studied in the light of the shifted large-N expansion method [7] . For example, Chakrabarti and Das presented a perturbative solution of the Riccati equation leading to analytical superpotential for the Yukawa potential [8] . Ikhdair and Sever investigated energy levels of neutral atoms by applying an alternative perturbative scheme in solving the Schrödinger equation for the Yukawa potential model with a modified screening parameter [9] . They also studied bound states of the Hellmann potential, which represents the superposition of the attractive Coulomb potential a r  and the Yukawa potential exp( ) b r r   of arbitrary strength b and screening parameter  [10] .
Some authors studied relativistic and non-relativistic equations with different potentials .
The aim of the present work is to investigate the KG equation in arbitrary dimension D [45] with unequal mixture of scalar and vector Yukawa potentials: is the fine-structure constant and Z is the atomic number and a is the screening parameter [1] . Also,  is an arbitrary a constant demonstrating the ratio of scalar potential to the vector potential [46] . When [50] [51] [52] [53] .
The present work is organized as follows. In section 2, the generalized parametric NU and AP methods are briefly introduced. In section 3, we give a review to the KG equation in Ddimensional space and then obtain the bound state solutions of the hyperradial KG equation with unequal mixture of scalar and vector Yukawa potentials by using a shortcut of the NU method.
The exact and approximate numerical results are also given by the AP and NU methods, respectively. Finally, we end with our concluding remarks in section 4.
Methods of Analysis
In this section, we give a brief review to the analytical NU and the numerical AP methods.
Parametric NU Method
This powerful mathematical tool solves second-order differential equations. It starts by considering the following differential equation [47] [48] [49] 
satisfying the wave functions: 
Amplitude-Phase Method
The amplitude-phase (AP) method used for calculating bound states was presented by Korsch ( )
Equation (12) is the so called a Milne-type equation [50] . A phase reference condition (because of an arbitrary integration constant) is required, and it is formally accomplished with
Integration of (12) goes in two steps; from the potential minimum towards 0  , and from the potential minimum towards  using initially the (first-order) semiclassical formula for the amplitude given as follows (cf. Ref. [50] ):
The condition for the wave function to vanish at r   then is
where n is the (nodal) radial quantum number. The quantization condition (15) is solved by using a Newton's iteration with respect to the energy. Further details of the numerical aspects are recently given in [53] .
Hyperradial Part of the KG Equation in D -Dimensional Space
In spherical coordinates, the KG equation with vector ( ) V r and scalar ( ) S r potentials can be
where nl E , 
we have a familiar form
Using the procedure of separation of variables by means of the wave function
Substituting the scalar and vector Yukawa potentials into Eq. (19), one obtains
where 2 2 2 .
We investigate the asymptotic behavior of ( ). 
which assumes the solution of 
The solution of Eq. (24) can be found by comparing it with Eq. (3) to get 
or it can be simply expressed as
where . Let us now calculate the corresponding eigenfunctions, we use the relations in (7) to obtain the necessary functions
where nl N is the normalization constant. The radial wave functions can also be rewritten in a more convenient form in terms of the potential parameters as
which well-behaved at boundaries, i.e., 0 r  and . r   From Eq. (26b), we obtain the energy eigenvalues of the KG particles in 2-and 3-dimensional spaces (2D) and (3D), respectively, as
where, in (29a), we inserted
When we set
[56], we can obtain the solution in the non-relativistic limit of the Yukawa problem. Here 
and the corresponding radial wave functions reduce to
Also, when the screening parameter a approaches zero, the potential (1) reduces to a Coulomb potential. Thus, in this limit the energy eigenvalues of (30) become the energy levels of the Coulomb interaction, i.e.,
which is identical to Refs. [45, 58] 
Concluding Remarks
We have used a simple shortcut of the NU method as well as an appropriate approximation for the strong and soft singular terms to obtain approximate analytical bound states solutions of the 
